Entanglement entropy vs. free energy in IIB supergravity duals for 5d
  SCFTs by Gutperle, Michael et al.
Entanglement entropy vs. free energy in IIB supergravity duals for 5d SCFTs
Michael Gutperle,∗ Chrysostomos Marasinou,† Andrea Trivella,‡ and Christoph F. Uhlemann§
Mani L. Bhaumik Institute for Theoretical Physics
Department of Physics and Astronomy
University of California, Los Angeles, CA 90095, USA
We study entanglement entropy and the free energy in recently constructed holographic
duals for 5d SCFTs in type IIB supergravity. The solutions exhibit mild singularities, which
could potentially complicate holographic applications. We use the relation of the entan-
glement entropy for a spherical entangling surface to the free energy of the field theory on
the five sphere as a well-motivated benchmark to assess how problematic the singularities
are. The holographic supergravity computations give well-defined results for both quantities
and they satisfy the expected relations. This supports the interpretation of the solutions as
holographic duals for 5d SCFTs and gives first quantitative indications for the nature of the
dual SCFTs.
∗ gutperle@physics.ucla.edu
† cmarasinou@physics.ucla.edu
‡ andrea.trivella@physics.ucla.edu
§ uhlemann@physics.ucla.edu
ar
X
iv
:1
70
5.
01
56
1v
2 
 [h
ep
-th
]  
24
 M
ay
 20
17
2CONTENTS
I. Introduction 3
II. Review of type IIB supergravity solutions 4
III. On-shell action and free energy on S5 5
A. Explicit expansions 7
B. Integrability of the poles 8
C. The on-shell action 9
D. Scaling of the free energy 10
E. Solutions with 3, 4 and 5 poles 11
IV. Entanglement entropy 15
A. Integrability near the poles 16
B. Explicit evaluation 17
C. Spherical regions 18
D. Matching to free energy 18
V. Discussion 20
Acknowledgments 21
A. Type IIB on-shell action as boundary term 22
B. Holographic renormalization 23
References 24
3I. INTRODUCTION
Five-dimensional superconformal field theories (SCFTs) are interesting for a variety of rea-
sons. Their existence is not obvious, since Yang-Mills theories in 5d have a dimensionful coupling
constant and are non-renormalizable by power counting. Therefore they can not be treated con-
sistently in perturbation theory. Nevertheless, the classification of [1] states that there is a unique
superconformal algebra with 16 supercharges in five dimensions, given by the superalgebra F (4)
[2]. Field theory analysis of the dynamics on the Coulomb branch indeed indicates that for large
classes of combinations of gauge group and matter content, 5d super Yang-Mills theories admit a
well-defined UV limit where the coupling constant diverges [3, 4].
There is no known standard Lagrangian description for the 5d SCFTs obtained as UV fixed
points of the gauge theories. However, the theories can be engineered using brane constructions
in type IIA and IIB string theory [5–7], which further supports their existence and has led to
many insights. In the absence of a conventional Lagrangian description, AdS/CFT dualities are a
perfect tool for comprehensive quantitative analysis. Supergravity duals in type IIA supergravity
have indeed been known for some time, but they are singular [8, 9]. Although the singular nature
limits the kind of questions that can be addressed, remarkable checks have been carried out with
these solutions. In [10] the free energy on S5 was compared to a localization calculation in the
putative dual field theory. Due to the singularities in the solutions, the holographic computation
of the free energy had to proceed through the entanglement entropy of a spherical region, which is
less sensitive to the singularities in the geometry.1 But once obtained, it matched the localization
calculation, lending strong support to the proposed holographic dualities.
More recently, large classes of holographic duals for 5d SCFTs have been constructed in type
IIB supergravity [14–16], where the geometry takes the form of AdS6×S2 warped over a two-
dimensional Riemann surface Σ.2 The solutions are singular as well, and avoid a recent no-go
theorem [22]. But in contrast to the type IIA solutions, the singularities are at isolated points
which have a clear interpretation as remnants of the external 5-branes appearing in the brane-
web constructions. Nevertheless, it is an interesting question whether or to what extent these
singularities affect AdS/CFT computations.
In this paper we study the holographic computation of the free energy and entanglement en-
tropy for the supergravity solutions of [14–16]. In particular, we calculate the finite part of the
entanglement entropy for a spherical region and the free energy of the field theory on S5. In view
of the previous computations in type IIA supergravity, this is a well-motivated benchmark for
how substantial the singularities are, and it provides valuable quantitative information about the
dual SCFTs. We will show that the singularities are indeed mild enough to not interfere with the
computation of either the free energy or the entanglement entropy. In fact, it appears that the
poles also do not contribute a finite part in either calculation, which would be well in line with the
interpretation that modes on the external 5-branes in brane web constructions decouple. Moreover,
the relation of the finite part of the entanglement entropy for a spherical region to the free energy
on S5 holds as expected on general grounds [23]. For the non-trivial geometries we are considering
1 Another strategy is to work in 6d gauged supergravity, where the singularities resulting from the brane construction
in type IIA string theory are not visible [11–13].
2 For earlier work on AdS6 type IIB solutions see [17–21].
4the equivalence depends on rather non-trivial identities and hence provides a strong consistency
check.
The rest of the paper is organized as follows. In sec. II we briefly review the structure of the
type IIB supergravity solutions [14–16] and introduce the quantities that will be relevant for our
computations. In sec. III we derive a general expression for the on-shell action of the solutions
and discuss as special cases the 3- and 4-pole solutions that were spelled out in detail in [16]. This
provides a holographic calculation of the free energy on S5 for the dual SCFTs. In sec. IV we
similarly discuss the computation of codimension-2 minimal surfaces anchored on the boundary
of AdS6 at a constant time, which compute the entanglement entropy for the dual SCFTs. After
deriving a general expression we discuss the same special cases as previously for the free energy,
and show that the finite part for a spherical entangling region agrees with the free energy on S5. We
close with a discussion of what our results imply for the nature of the dual SCFTs and directions
for future research in sec. V.
II. REVIEW OF TYPE IIB SUPERGRAVITY SOLUTIONS
The type IIB supergravity solutions we consider in this paper have been derived and discussed
in detail in [14–16], and we will only give a brief review introducing the quantities that will be
relevant for the computation of free energy and entanglement entropy.
The relevant bosonic fields of type IIB supergravity are the metric, the complex axion-dilaton
scalar B and the complex 2-form C(2) [24, 25]. The real 4-form C(4) and the fermionic fields
vanish. The geometry of the solutions is AdS6×S2 warped over a Riemann surface Σ, which for
the solutions considered here will be the upper half plane. With a complex coordinate w on Σ, the
metric and the 2-form field are parametrized by scalar functions f22 , f
2
6 , ρ
2 and C on Σ,
ds2 = f26 ds
2
AdS6 + f
2
2 ds
2
S2 + 4ρ
2dwdw¯ , C(2) = C volS2 . (1)
The solutions are expressed in terms of two holomorphic functions A± on Σ, which are given by
A±(w) = A0± +
L∑
`=1
Z`± ln(w − p`) . (2)
The p` are restricted to be on the real line and are poles with residues Z
`± in ∂wA±. The residues
are related by complex conjugation Z`± = −Z`∓. The explicit form of the solutions is conveniently
expressed in terms of the composite quantities
κ2 = −|∂wA+|2 + |∂wA−|2 , ∂wB = A+∂wA− −A−∂wA+ , (3)
G = |A+|2 − |A−|2 + B + B¯ , R+ 1
R
= 2 + 6
κ2 G
|∂wG|2 . (4)
Regularity of the solutions requires that κ2 and G are both positive in the interior of Σ and vanish
on the boundary. These regularity conditions are satisfied if the residues are given by
Z`+ = σ
L−2∏
n=1
(p` − sn)
L∏
k 6=`
1
p` − pk . (5)
5and the sn are restricted to be in the upper half plane. Moreover, the p` and sn have to be chosen
such that they satisfy
A0Zk− + A¯0Zk+ +
∑
` 6=k
Z [`k] ln |p` − pk| = 0 , (6)
where Z [`k] ≡ Z`+Zk−−Zk+Z`− and 2A0 ≡ A0+−A¯0−. The explicit form of the functions parametrizing
the metric is then given by
f26 =
√
6G
(
1 +R
1−R
)1/2
, f22 =
1
9
√
6G
(
1−R
1 +R
)3/2
, ρ2 =
κ2√
6G
(
1 +R
1−R
)1/2
, (7)
where we used the expressions of [16] with c26 = 1, which was shown there to be required for
regularity. The function C parametrizing the 2-form field is given by
C = 4i
9
(
∂w¯A¯− ∂wG
κ2
− 2R ∂wG ∂w¯A¯− + ∂w¯G ∂wA+
(R+ 1)2 κ2
− A¯− − 2A+
)
(8)
and the axion-dilaton scalar B is given by
B =
∂wA+ ∂w¯G −R∂w¯A¯−∂wG
R∂w¯A¯+∂wG − ∂wA−∂w¯G . (9)
III. ON-SHELL ACTION AND FREE ENERGY ON S5
We will now evaluate the on-shell action for the solutions reviewed in the previous section ex-
plicitly. Formulating an action for type IIB supergravity is subtle due to the self-duality constraint
on the 4-form potential, but since C(4) = 0 in our solutions this is not an issue. Moreover, the
on-shell action can be expressed as a boundary term [26]. We relegate the details of translating
the result of [26] to our convention to appendix A, and start from the result (A7)
SEIIB =
1
64piGN
∫
M
d
[
1
2
f2(1 + |B|2) C¯2 ∧ ?dC2 − f2B¯C2 ∧ ?dC2 + c.c.
]
=
1
64piGN
∫
∂M
f2
[
1
2
(1 + |B|2)C¯2 − B¯C2
]
∧ ?dC2 + c.c. (10)
where f−2 = 1− |B|2. We now use that C2 = CvolS2 , where volS2 is the volume form on the S2 of
unit radius. This yields
?dC2 = f
6
6 f
−2
2 volAdS6 ∧ ?ΣdC , (11)
where volAdS6 is the volume form on AdS6 of unit curvature radius and ?Σ is the Hodge dual on Σ
with metric gΣ = 4ρ
2|dw|2. We then find
SEIIB =
1
64piGN
∫
∂M
f2f66 f
−2
2
[
1
2
(1 + |B|2)C¯ − B¯C
]
volS2 ∧ volAdS6 ∧ ?ΣdC + c.c. (12)
The AdS6 volume can be regularized and renormalized in the usual way for an AdS6 with unit radius
of curvature and we will just use VolAdS6,ren to denote the renormalized volume. As we discuss in
6appendix B, there are no finite contributions to the on-shell action from the boundary introduced
when regularizing the AdS6 volume. The explicit expression for the renormalized volume of global
AdS6 with a renormalization scheme preserving the S
5 isometries of the sphere slices is also derived
in appendix B and given by
VolAdS6,ren = −
8
15
VolS5 . (13)
Note that we denote by e.g. VolS5 the actual volume, i.e. VolS5 =
∫
S5 volS5 . The only (remaining)
boundary then is the boundary of Σ. We note that ∂Σ is not an actual boundary of the ten-
dimensional geometry, so in particular there are no extra boundary terms to be added, but for the
evaluation of the on-shell action as a total derivative we have to take it into account. We thus find
SEIIB =
1
64piGN
VolAdS6,renVolS2
∫
∂Σ
f2f66 f
−2
2
[
1
2
(1 + |B|2)C¯ − B¯C
]
?Σ dC + c.c. (14)
The task at hand is to evaluate the various ingredients in this expression more explicitly. To
evaluate the metric factors more explicitly we use the expressions in (7), which yields
f66 f
−2
2 = 54G
(
1 +R
1−R
)3
. (15)
The pullback of ?ΣdC to ∂Σ does not involve ρ2, and to evaluate it explicitly we note that ∂Σ = R.
It will be convenient for the explicit expansions to introduce real coordinates, w = x + iy, which
yields
?ΣdC = −(∂yC)dx . (16)
Using eq. (15) and (16), the regularized on-shell action (14) becomes
SEIIB = −
1
64piGN
54VolAdS6,renVolS2
∫
R
dx f2G
(
1 +R
1−R
)3
(∂yC)
(
1
2
(1 + |B|2)C¯ − B¯C
)
+ c.c. , (17)
where the integrand is evaluated at y = 0. Close to the boundary we have κ2,G → 0 and
R = 1−
√
6κ2G
|∂wG|2 + . . . . (18)
As discussed in sec. 5.5 of [14], G/(1−R) remains finite at the boundary and the same applies for
f2. We can thus simplify the on-shell action to
SEIIB =
1
8piGN
VolAdS6,renVolS2I0 , (19a)
I0 = 54
∫
R
dx
G
1−R ×
∂yC
(1−R)2 ×
(
B¯f2C − 2f
2 − 1
2
C¯
)
+ c.c. , (19b)
where each factor in the integrand is finite separately on the real line.
7A. Explicit expansions
To further evaluate the on-shell action in (19), we explicitly expand the composite quantities κ2,
G as well as the actual supergravity fields around the real line, and it turns out that the subleading
orders in the expansion play a crucial role. For the explicit expansions it is convenient to introduce
f± = A0± +
L∑
`=1
Z`± ln |x− p`| , D± = ipi
L∑
`=1
Z`±Θ(p` − x) , (20)
such that the holomorphic functions A± and their differentials can be written as
A± = D± +
∞∑
n=0
1
n!
(iy)nf
(n)
± , ∂wA± =
∞∑
n=0
1
n!
(iy)nf
(n+1)
± , (21)
where f
(n)
± = (∂x)nf±. The composite quantity κ2 can be evaluated straightforwardly. For G we
use ∂yG = i(∂wG − ∂w¯G) along with the fact that G = 0 on the boundary. This allows us to simply
integrate the explicit expression for ∂yG, which can be obtained straightforwardly from (3), to
obtain an explicit expression for the expansion of G in y. We then find
κ2 = yκ20 +
1
6
y3κ23 +O(y5) , (22)
G = yG0 + 1
6
y3G3 +O(y5) , (23)
where
κ20 = 2i(f
′
−f
′′
+ − f ′′−f ′+) , κ23 = −(κ20)′′ + 8i
(
f ′′′+ f
′′
− − f ′′′− f ′′+
)
, (24)
G0 = 4i
(
f+f
′
− − f−f ′+
)
, G3 = −(G0)′′ − 4κ20 . (25)
The expansion coefficients are real by construction and, by the regularity conditions, κ20 > 0
and G0 > 0. Since G is constant along each piece of the boundary without poles, we also have
|∂wG|2 = 14 |∂yG|2 = 14G20 (noting that ∂w = 12(∂x − i∂y)). Using these expansions to find C yields
C = −4
3
iD+ +
4
9
y3
[
f ′+G3
G0 + f
′′′
+ +
6κ20
G20
(
3f ′+G0 − f+(G0)′
)]
. (26)
This shows that the factors in (19) are indeed all finite as y → 0. The last ingredient we need is
the limit of B at the real axis, for which we find
B =
2f+κ0 − if ′+
√
6G0
if ′−
√
6G0 − 2f−κ0
, (27)
and we note that this is not a pure phase. Finally, for f2 this yields
f2 =
1
2
− 4f+f−κ
2
0 + 6f
′
+f
′−G0√
6G30κ20
. (28)
8With the explicit expansions in hand, we now return to evaluating the integral I0 in (19). For
the factors in the integrand we find
G
1−R ×
∂yC
(1−R)2 =
√
G30
24κ20
× 1
18κ20
[
f ′+G3 + G0f ′′′+ + 6κ20
(
3f ′+ − f+(lnG0)′
)]
, (29)
B¯f2C − 2f
2 − 1
2
C¯ = −4
3
i√
6G30κ20
[
6G0f ′−
(
D+f
′
− −D−f ′+
)
+ 4κ20f− (D+f− −D−f+)
]
, (30)
where we used B¯f2 = (6G0(f ′−)2 + 4κ20f2−)/
√
6G30κ20 for the last expression. The full integral then
becomes
I0 = − i
3
∫
R
dx
1
κ40
[
f ′+G3 + G0f ′′′+ + 6κ20
(
3f ′+ − f+(lnG0)′
)]×[
6G0f ′−
(
D+f
′
− −D−f ′+
)
+ 4κ20f− (D+f− −D−f+)
]
+ c.c. (31)
Adding the complex conjugate explicitly yields
I0 =
∫
R
dxG0
[
16
3
(D+f− −D−f+)− G0(κ
2
0)
′ − 3(G0)′κ20
κ40
(D+f
′
− −D−f ′+)
]
. (32)
Via (19), this translates to an explicit expression for the on-shell action.
B. Integrability of the poles
We will now show that the integrand in (32) is well-behaved at the poles, x = p`, such that
the integral can be evaluated straightforwardly. To this end, we first evaluate G0 and κ20 more
explicitly. For G0 we find, by straightforward evaluation,
G0 = 4i
L∑
k=1
A0+Zk− −A0−Zk+
x− pk + 4i
∑
`6=k
Z [`k]
ln |x− p`|
x− pk . (33)
The integration constants A0± are constrained by the regularity conditions (6), which, with A0+ =
−A¯0−, read
A0+Zk− −A0−Zk+ +
∑
`6=k
Z [`k] ln |p` − pk| = 0 . (34)
We therefore find that for generic solutions satisfying the regularity conditions
G0 = 4i
L∑
k=1
∑
` 6=k
Z [`k]
x− pk ln
∣∣∣∣ x− p`p` − pk
∣∣∣∣ . (35)
The evaluation of κ20 is straightforward and yields
κ20 = 2i
L∑
k=1
∑
`6=k
Z [`k]
(x− p`)(x− pk)2 . (36)
9Moreover, due to the antisymmetry of Z [`k] the derivatives of G0 and κ20 take a simple form and
are given by
(G0)′ = −4i
L∑
k=1
∑
6`=k
Z [`k]
(x− pk)2 ln
∣∣∣∣ x− p`p` − pk
∣∣∣∣ , (κ20)′ = −4i L∑
k=1
∑
`6=k
Z [`k]
(x− p`)(x− pk)3 . (37)
With these expressions in hand, we can now analyze the behavior of the integrand in (32). We
set x = pm + , where  is real and || small compared to 1 and to all |pk − p`|, and find
G0 = 4iηm ln ||+O(1) , κ20 = −2i
ηm
2
+O(−1) , ηm =
∑
k 6=m
Z [mk]
pm − pk , (38)
(G0)′ = O(−1) , (κ20)′ = 4i
ηm
3
+O(−1) . (39)
Note that the behavior of G0 and (G0)′ would be different if the parameters were not constrained
by the regularity conditions in (6). The near-pole expansions consequently would be qualitatively
different. For regular solutions, however, it is now straightforward to verify, with the explicit
expansions of the composite quantities around the pole, that the integrand in (32) is O((ln ||)2)
and thus integrable across the pole.
C. The on-shell action
The integral I0 in (32) can be further simplified as follows. We isolate the second term in the
square brackets and rewrite the sum in the numerator as a total derivative,
I0 = I1 +
16
3
∫
R
dxG0(D+f− −D−f+) , I1 =
∫
R
dx
(G30
κ20
)′ D+f ′− −D−f ′+
G0 . (40)
Using integration by parts we can further evaluate I1. This yields
I1 =
G20
κ20
(D+f
′
− −D−f ′+)
∣∣∣∣x=∞
x=−∞
−
∫
R
dx
G30
κ20
(
D+f
′− −D−f ′+
G0
)′
. (41)
The first term vanishes, since D± = 0 if either x > p` or x < p` for all `, thanks to
∑
` Z
`± = 0.
The D± given in (20) depend on x only through Θ-functions, and we have to take into account
their non-trivial distributional derivatives. The second term then evaluates to
I1 = −
∫
R
dx
[
G20
κ20
(D+f
′′
− −D−f ′′+) +
G20
κ20
(D′+f
′
− −D′−f ′+)−
G′0G0
κ20
(D+f
′
− −D−f ′+)
]
. (42)
Since D′± = −ipi
∑L
`=1 Z
`±δ(p` − x) and, by the analysis of the previous subsection, G20f ′±/κ20 =
O((ln ||)2) close to the poles, the second term vanishes. The first and last term can be combined
thanks to the following identity, which follows from the expressions for κ20 and G0 in terms of f±,
2f±κ20 = G0f ′′± − G′0f ′± . (43)
The result is
I1 = −2
∫
R
dxG0(D+f− −D−f+) . (44)
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This reproduces exactly the structure of the remaining term in I0 in (40) and we simply find
I0 =
10
3
∫
R
dxG0(D+f− −D−f+) . (45)
Evaluating D+f− −D−f+ more explicitly, using the regularity condition (34), yields
D+f− −D−f+ = ipi
L∑
k=1
∑
` 6=k
Θ(p` − x)Z [`k] ln
∣∣∣∣ x− pkp` − pk
∣∣∣∣ . (46)
Together with (35) this shows that I0 explicitly depends on the residues only through the combi-
nations Z [`k]. With (19), we finally find the on-shell action as
SEIIB = −
5
3GN
VolAdS6,renVolS2
L∑
`,k,m,n=1
6`=k,m6=n
Z [`k]Z [mn]
∫ p`
−∞
dx ln
∣∣∣∣ x− pkp` − pk
∣∣∣∣ ln ∣∣∣∣ x− pmpm − pn
∣∣∣∣ 1x− pn . (47)
We note that the lower bound in the integral can be moved from −∞ to min`(p`) due to
∑
` Z
`
+ = 0.
The integral can be solved explicitly and involves polylogarithms. While the result for generic
configurations does not seem particularly illuminating, this allows us to get analytic results for
particular solutions, as we will discuss in sec. III E. Note also that the Z [`k] are imaginary, so the
expression (47) is manifestly real.
D. Scaling of the free energy
As shown in [16], the residues Z`± of the differentials ∂wA± at the poles p` correspond to
the charges of external 5-branes in brane-web constructions for 5d SCFTs. The details of the
SCFT depend on the precise charge assignments, and the same applies for the free energy and,
correspondingly, the gravitational on-shell action. Before coming to those details, we can address
a more general question: how does the free energy scale under overall rescalings of the 5-brane
charges?
To address this question we can assume to start with a generic solution to the regularity con-
ditions in (6). Namely,
A0Zk− + A¯0Zk+ +
∑
` 6=k
Z [`k] ln |p` − pk| = 0 . (48)
We note that the equation is invariant under the following scaling
Z`+ → γZ`+ , Z`− → γ¯Z`− , A0 → γA0 , p` → p` , (49)
where we have allowed for γ ∈ C. For the residues this simply amounts to a change of the overall
complex normalization parametrized by σ in (2). So starting with a solution (Z`±,A0, p`) to the
regularity conditions, a rescaling of this form produces another solution, and this precisely allows
us to isolate the overall scale of the charges Z`+. From (47) we immediately see that the on-shell
action scales as
SEIIB → |γ|4SEIIB . (50)
11
For a real overall scaling by N , we thus obtain a free energy scaling as N4. This is different from
the N2 scaling one would expect for the ’t Hooft limit of a four dimensional Yang-Mills theory, and
as exhibited by N = 4 SYM and its AdS5×S5 dual. But this is certainly not surprising, given the
more exotic nature of the field theories described by 5-brane web constructions. It is also different
from the N5/2 scaling exhibited by the UV fixed points of 5d USp(N) gauge theories and their
gravity duals [10]. As a curious aside, however, we note that the free energy for the orbifold quivers
obtained from the USp(N) theories, which scales as N5/2k3/2, shows the same scaling if one na¨ıvely
sets k = N . As discussed in [16], there actually are classes of brane intersections described by the
solutions discussed here which would naturally correspond to long quiver gauge theories with gauge
groups of large rank, and we will discuss these examples in more detail in the next section.
E. Solutions with 3, 4 and 5 poles
We now evaluate the general expression for the free energy in (47) for classes of solutions with
3 up to 5 poles. It will be convenient to separate off the general overall factors as in (19a), and
focus on the solution-specific part I0.
1. 3-pole solutions
We start with the 3-pole case. As discussed in sec. 4.1 of [16], the SL(2,R) automorphisms of
the upper half plane can be used to fix the position of all poles, which we once again choose as
p1 = 1 , p2 = 0 , p3 = −1 . (51)
The regularity conditions are solved by A0 = ω0λ0s ln 2. The free parameters of the solutions are
given by the residues, corresponding to the charges of the external 5-branes, subject to charge
conservation. The integral I0 in (45) for a generic choice of residues evaluates to
I0 = −80piζ(3)(Z [12])2 . (52)
The on-shell action therefore is a simple function that is quartic in the residues, and manifestly
invariant under the SU(1, 1) duality symmetry of type IIB supergravity since the Z [`k] are.3 Note
also that Z [`k] is imaginary, and I0 positive. For the particular case of the “N -junction” [27],
discussed in sec. 4.3 of [16] and realized by the charge assignment Z1+ = N , Z
2
+ = iN , we have
Z [12] = 2iN2 and thus find the free energy quartic in N .
2. 4-pole solutions
For solutions with four poles we can once again fix the position of three poles by SL(2,R), but
the position of one pole remains a genuine parameter. It is fixed by the regularity conditions in (6)
and thus becomes an in general non-trivial function of the residues. We therefore expect in general
3 The transformations spelled out in sec. 5.1 of [14] can be realized by transforming the residues as Z`+ → uZ`+−vZ`−
and Z`− → u¯Z`− − v¯Z`+.
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more interesting dependence on the charges compared to the 3-pole case. However, for the special
class of 4-pole solutions discussed in sec. 4.2 of [16], where
Z3+ = −Z1+ , Z4+ = −Z2+ , (53)
the position of the fourth pole is independent of the residues. In that case the regularity conditions
are solved by
p1 = 1 , p2 =
2
3
, p3 =
1
2
, p4 = 0 , (54)
along with A0 = Z2+ ln 3 − Z1+ ln 2. The position of all poles is therefore fixed regardless of the
choice of charges, and we may again expect the on-shell action to be a simple quartic function of
the residues. Indeed, the result for the integral is
I0 = −280piζ(3)(Z [12])2 , (55)
and of the same general form as the 3-pole result. We also note the factor ζ(3) appearing again. For
the solutions discussed in sec. 4.2 of [16], with −Z1+ = Z3+ = (1 + i)N and Z2+ = −Z4+ = (1− i)M ,
we have Z [12] = 4iMN . In particular, for M = N the free energy again scales like N4, a feature
which we will come back to in the discussion.
We will now discuss a different configuration with 4 poles, for which the position of the fourth
pole actually depends on the choice of charges. To this end, it is convenient to move the position
of one pole off to infinity, which we will discuss here for a generic L-pole solution. To move the
L-th pole pL to infinity, we perform the following replacements and limit
pL → −∞ , A0± → A˜0± = A0± − ZL± ln |pL| . (56)
Note that the conjugation relation between the original integration constants, A¯0± = −A0±, holds
in the same form for A˜0±. In terms of the redefined integration constants, the expressions for the
holomorphic functions then become
A± = A˜0± +
L−1∑
`=1
Z`± ln(w − p`) . (57)
Note that this expression explicitly involves only L − 1 poles and L − 1 residues. These residues,
however, are not constrained to sum to zero and the number of independent parameters is therefore
unchanged. The conditions for G = 0 on the boundary become
A˜0+Zk− − A˜0−Zk+ +
L−1∑
`=16`=k
Z [`k] ln |p` − pk| = 0 , k = 1, .., L− 1 . (58)
These are only L− 1 conditions, as compared to L conditions previously. However, the sum does
not manifestly vanish and the number of independent conditions therefore is also not modified.
The class of 4-pole solutions with (53) can now be realized as
p1 = 1 , p2 = 0 , p3 = −1 , A˜0± = 0 , (59)
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and computing the on-shell action reproduces (55).
The class of 4-pole solutions we wish to discuss next is parametrized by an overall scale n of
the residues and an angle θ, and obtained by fixing
Z1+ = n , Z
2
+ = in Z
3
+ = ne
iθ , Z4+ = −(1 + i+ eiθ)n . (60)
The position of three of the poles can once again be fixed arbitrarily, and we choose
p1 = 1 , p2 = 0 , p4 → −∞ . (61)
This leaves the position of the third pole, p3, along with the (complex) constantA0 to be determined
from the conditions in (6). The resulting equation determining p3 after solving for A0 is
Z [1,3]Z [2,4] ln(1− p3)2 = Z [1,4]Z [2,3] ln p23 . (62)
Note that n drops out of this equation and p3 therefore depends on θ only. We take the position of
the pole as parameter and solve for θ, which can be done in closed form and yields four branches
of solutions. The criterion for the choice of branch is that θ should be real and the zeros sn in the
upper half plane. The explicit expressions are bulky and not very illuminating, and we show a plot
of θ as function of p3 in fig. 1(a) instead. Since p3 is independent of n, the on-shell action depends
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FIG. 1. The left hand side shows θ as function of p3, for the 4-pole solution with residues given in eq. (60).
The right hand side shows I0, which via (19) corresponds to the on-shell action.
on n only through an overall factor n4, as expected from the scaling analysis in sec. III D. The
dependence on θ, however, is non-trivial and we show the result in fig. 1(b). We note the presence
of three minima, which all correspond to the 4-pole solution degenerating to a 3-pole solution: for
θ → 0 we have Z3+ → Z1+ and p3 → p1, for θ → pi/2 we have Z3+ → Z2+ and p3 → p2, and for
θ → 5pi/4 we have Z3+ → (1+
√
2)Z4+ and p3 → p4. That means in all these cases two poles coalesce
and their residues add. The free energy coincides with that of the resulting 3-pole configuration.
The 3-pole configurations resulting from θ → 0 and θ → pi/2 have two charges with the same
moduli and the same relative phase up to a sign. Since the formula in (52) is insensitive to these
differences, this explains the coincident free energies. It is intriguing to observe that the value of
the free energy assumes a local minimum for all the cases where the solution reduces to a 3-pole
configuration. The sphere free energy in odd dimension can be used as a measure for the number
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of degrees of freedom, and one may speculate that splitting one pole into two, or equivalently
one external 5-brane into two, will generically increase that number. While certainly true for this
specific example, it is an interesting open question whether this behavior holds more generally.
3. 5-pole solutions
As a final example we will consider a class of solutions with five poles. In general we now have
two positions of the poles depending on the choice of residues, but we will focus on a class of
solutions which are parametrized by only two real numbers, with residues given by
Z1+ = −Z3+ = M , Z2+ = 2iN , −Z4+ = iZ5+ = (1 + i)N . (63)
The corresponding 5-brane intersection is shown in fig. 2(a). As before three poles can be fixed by
N
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FIG. 2. The left hand side shows a 5-brane intersection corresponding to the charges in (63). On the right
hand side is a log-log plot of I0 for the 5-pole solution with residues given in (63). Via (19) this corresponds
to the on-shell action, as function of M/N . The constant dot-dashed line shows 80piζ(3) · 16N4, which,
via (52), is the value of I0 for the 3-pole solution resulting from (63) for M = 0. The dashed line shows
280piζ(3) ·16M2N2, which, via (55), is I0 for a 4-pole solution with −Z1+ = Z3+ = 2iN and Z2+ = −Z4+ = M .
SL(2,R) and we resort to the choice in (51). The regularity conditions in (6) are solved by
p5 = −p4 , A0 = iN log |p24 − 1| , (64)
where p4 is determined by the equation
(M −N) log(p4 − 1)2 − (M +N) log(p4 + 1)2 +N log 16 = 0 . (65)
The choice of residues can be realized via (5), by fixing σ = −2iNp24/(s1s2s3) and the zeros s1, s2,
s3 as the three solutions to the cubic equation
isM(s2 − p24) + p4N(s2 − 1)(p4 − is) = 0 . (66)
To solve (65) it is once again convenient to fix p4 and determine the resulting ratio M/N . We
choose p4 ≤ −
√
5, which produces zeros in the upper half plane and positive M/N . The on-shell
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action divided by N4, as function of the ratio M/N , is shown in fig. 2(b). We clearly see that the
dependence on M/N is not simply quadratic, which we would have expected if the position of the
poles had not depended on M/N . Instead, I0/N
4 interpolates between approaching a constant for
small M/N and quadratic dependence for large M/N .
N
N
M
M
2N
FIG. 3. Global deformation (in the classification of [5, 6]) of the brane intersection shown in fig. 2(a),
corresponding to a relevant deformation of the dual SCFT.
The asymptotic behavior for M/N → 0 and M/N → ∞ can be understood in more detail
as follows. For M → 0, we expect the solution to reduce to a 3-pole configuration, since two of
the residues in (63) vanish. Indeed, in that limit two of the zeros sn approach the real line and
annihilate the poles p1, p3. With one zero remaining in the interior of the upper half plane and
three poles on the real line, we indeed find a regular 3-pole configuration. Correspondingly, the
on-shell action as shown in fig. 2(b) for M/N = 0 agrees with (52) evaluated with the remaining
residues. For large M/N , the behavior is not quite as immediately clear from the form of the
residues. But we can gain some intuition from looking at deformations of the web. The solutions
we are considering here describe the conformal phase of the dual SCFTs, where in the brane
construction all external branes intersect at one point. Deformations of the web where the external
branes are moved correspond to relevant deformations of the dual SCFT [5, 6], and a particular
example is shown in fig. 3. We may view it as gluing an intersection of M NS5-branes and 2N
D5-branes with an SL(2,R) rotated version of the “N-junction”. For large M , it suggests that the
structure of the web is dominated by the intersection of M NS5-branes and 2N D5-branes. The
number of degrees of freedom provided by the “extra vertex” compared to the 4-brane intersection
of NS5 and D5-branes does not appear to scale with M , and we therefore expect the free energy
of the 5-pole solution at large M/N to approach the free energy of a 4-pole solution with charges
corresponding to M NS5 and 2N D5-branes. As shown in fig. 2(b), this is indeed the case.
IV. ENTANGLEMENT ENTROPY
In this section we use the Ryu-Takayanagi prescription [28] to compute holographic entan-
glement entropies for the 5d SCFTs dual to the supergravity solutions. The main parts of the
derivation will hold for a generic choice of the region for which we compute the entanglement
entropy, as we will explain shortly, but our main interest is in regions of spherical shape.
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The entanglement entropy is given by the area of a codimension-2 surface, anchored at a fixed
time on the boundary of AdS6 such that it coincides with the entangling surface. For a generic
choice of entangling surface, we thus have to compute the area of an eight-dimensional surface
γ8 wrapping S
2 and Σ, and which is of codimension 2 in AdS6. The resulting expression for the
entanglement entropy reads
SEE =
Area(γ8)
4GN
=
1
4GN
∫
γ8
volγ8 . (67)
The volume form reduces to
volγ8 = f
4
6 f
2
2 volγ4 ∧ volS2 ∧ volΣ , (68)
where γ4 is the codimension-2 minimal surface in a unit radius AdS6 which is anchored at the
conformal boundary and ends there on the entangling surface. The computation of SEE as a result
simplifies to
SEE =
1
4GN
VolS2 ·I ·Area(γ4) , (69)
where Area(γ4) is the area of the four-dimensional minimal surface in AdS6 and with gΣ = 4ρ
2|dw|2
we have
I = 4
∫
Σ
d2wf46 f
2
2ρ
2 . (70)
The factor 4 is a result of the ansatz (1) and we have d2w = dxdy. With the expressions for the
metric functions in (7), we can further evaluate the integrand to find
I = 8
3
∫
Σ
d2w κ2G . (71)
We note in particular that, due to the factorization in (69), once I is known the computation of
entanglement entropies reduces to the analogous computation in AdS6.
A. Integrability near the poles
We now show that even though the supergravity solution is singular at the poles x = p` on
the boundary of Σ, the entanglement entropy is finite and does not receive contributions from the
poles. To this end we use equation (71) together with the explicit expressions for κ and G close to
a pole derived in [16]. Namely, for w = pm + re
iθ we have
G = 2κ2mr| ln r| sin θ +O(r2 ln r) , ∂wG = iκ2m ln r +O(r ln r) , (72a)
and
κ2 = κ2m
sin θ
r
+O(r0) , (72b)
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where
κ2m = 2i
∑
`6=m
Z [`m]
pm − p` . (73)
This implies that the integrand of I close to the pole behaves as O(r| ln r|), which is integrable.
Moreover, we see that, like in the direct computation of the free energy in sec. III, we can introduce a
cut-off around the poles and evaluate the integrals, and removing the cut-off does not yield localized
contributions from the poles.
B. Explicit evaluation
We now turn to a more explicit evaluation of the integral I given in (71). We can use the fact
that
κ2 = −∂w∂w¯G , (74)
to integrate by parts. Namely, using κ2G = −∂w(G∂w¯G) + (∂w¯G)∂wG. From the near-pole expan-
sions in eq. (72), we see that G∂w¯G goes to zero not only at generic points of the boundary, but
also at the poles. The boundary contribution therefore vanishes and we find
I = 8
3
∫
Σ
d2w(∂w¯G)∂wG . (75)
The generic form of ∂wG can be obtained straightforwardly from (3) and yields
∂wG = (A¯+ −A−)∂wA+ + (A+ − A¯−)∂wA− . (76)
Evaluating this explicitly using the regularity conditions (6) yields
∂wG =
L∑
`,k=1
6`=k
Z [`k] ln
∣∣∣∣ w − p`pk − p`
∣∣∣∣2 1w − pk . (77)
This relation allows us to write I explicitly as
I = −8
3
L∑
`,k,m,n=1
6`=k,m6=n
Z [`k]Z [mn]
∫
Σ
d2w ln
∣∣∣∣ w − p`pk − p`
∣∣∣∣2 ln ∣∣∣∣ w − pmpm − pn
∣∣∣∣2 1w¯ − pn 1w − pk . (78)
This expression becomes manifestly real upon symmetrizing the integrand under the exchange of
the index pairs (`, k) and (m,n), which are independently summed over. In addition, using charge
conservation, one can show that the combination dw∂wG is invariant under SL(2,R) transformations
w → aw + b
cw + d
, pk → apk + b
cpk + d
, (79)
with ad− bc = 1. The expression for I in (75) is therefore SL(2,R) invariant, as expected, and we
can again fix the location of three poles at arbitrary positions.
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C. Spherical regions
For the specific case of a spherical entangling surface of radius r0 at a fixed t = t0, we just have
to evaluate the area of the corresponding minimal surface in an AdS6 of unit radius. We choose
coordinates in AdS6 such that
ds2AdS6 =
dz2 − dt2 + dr2 + r2dΩ2S3
z2
. (80)
The minimal surface can be parametrized by r = r(z) and its area is given by
Area(γ4) = VolS3
∫
dz
r(z)3
√
1 + r′(z)2
z4
. (81)
Extremizing this functional yields the usual solution
r(z) =
√
r20 − z2 . (82)
The z integral is divergent at z = 0, and the choice of cut-off follows the same logic as outlined
for the free energy in appendix B. With a bulk IR/field theory UV cutoff at z = , the integral
becomes ∫ r0

dz
r(z)3
z4
√
1 + r′(z)2 =
r30
33
− r0

+
2
3
+O() . (83)
Although holographic renormalization for submanifolds is well understood [29], the divergences in
the entanglement entropy are usually kept, as a reflection of the short-distance behavior of QFTs.
The universal part in odd dimensions, however, is the finite contribution and for the surfaces
considered here given by
Arearen(γ4) =
2
3
VolS3 . (84)
In summary, the entanglement entropy for a spherical region is given by the expression in (69),
with the universal part of the area of the minimal surface in (84) and I given in (78). We note
that this expression manifestly exhibits the same scaling with the residues Z`+, corresponding to
the charges of the external 5-branes, as the expression for the on-shell action in (47).
D. Matching to free energy
In this section we show that for all the examples discussed in sec. III E the finite part of the
holographic entanglement entropy for a spherical region is equal to minus the finite part of the
free energy on S5. To accomplish this we will reduce part of the two-dimensional integral over Σ
appearing in equation (71) to a one-dimensional integral over the real line which has the same form
as the one-dimensional integral appearing in the on-shell action (47), and show that the remaining
part vanishes.
Using κ2 = −∂w∂w¯G and the definition of G in (4), the integral I given in (71) can be rewritten
as
I = −8
3
∫
Σ
d2w ∂w∂w¯G
(|A+|2 − |A−|2 + B + B¯) . (85)
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We split I into two terms:
I = I1 + I2 , (86a)
I1 = −4
3
∫
Σ
d2w ∂w∂w¯G
(B + B¯) , (86b)
I2 = −8
3
∫
Σ
d2w ∂w∂w¯G
(
|A+|2 − |A−|2 + 1
2
(B + B¯)) . (86c)
First we evaluate I1 and will argue below that the second integral I2 vanishes. Since B is holo-
morphic, we can write the integrand of I1 as a sum of total derivatives
∂w∂w¯G
(B + B¯) = ∂w¯ (∂wG(B + B¯))− ∂w (G∂w¯B¯) . (87)
The boundary term resulting from the second term vanishes since G = 0 on ∂Σ. Switching to real
coordinates we therefore find
I1 = 2i
3
∫ ∞
−∞
dx ∂wG
(B + B¯) ∣∣∣∣
y=0
. (88)
To evaluate the integrand we use that G = 0 on the real line and hence B + B¯ = −|A+|2 + |A−|2.
This yields
∂wG
∣∣∣
y=0
= 2
L∑
m,n=1
m6=n
Z [mn]
x− pn ln
∣∣∣∣ x− pmpm − pn
∣∣∣∣ , (89)
B + B¯
∣∣∣
y=0
= 2pii
L∑
`,k=1
k 6=`
Z [`k] ln
∣∣∣∣ x− pkpk − p`
∣∣∣∣Θ (p` − x) . (90)
Thus we get
I1 = −8pi
3
L∑
`,k,m,n=1
6`=k,m6=n
∫ ∞
−∞
dx
Z [`k]Z [mn]
x− pn ln
∣∣∣∣ x− pmpm − pn
∣∣∣∣ ln ∣∣∣∣ x− pkpk − p`
∣∣∣∣Θ (p` − x) . (91)
Plugging this result into (69) gives the following contribution to the entanglement entropy
SEE1 = − 4pi
9GN
VolS2VolS3
L∑
`,k,m,n=1
6`=k,m6=n
Z [`k]Z [mn]
∫ p`
−∞
dx ln
∣∣∣∣ x− pmpm − pn
∣∣∣∣ ln ∣∣∣∣ x− pkpk − p`
∣∣∣∣ 1x− pn . (92)
We can compare this result with the value of the finite part of the on-shell action derived in section
III C:
(SEIIB)
finite =
8
9GN
VolS5VolS2
L∑
`,k,m,n=1
6`=k,m6=n
Z [`k]Z [mn]
∫ p`
−∞
dx ln
∣∣∣∣ x− pkp` − pk
∣∣∣∣ ln ∣∣∣∣ x− pmpm − pn
∣∣∣∣ 1x− pn . (93)
Inserting the expressions for the volumes of the 2-, 3- and 5-sphere given by
VolS2 = 4pi , VolS3 = 2pi
2 , VolS5 = pi
3 , (94)
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confirms the equality of the finite parts of the entanglement entropy and the on-shell action
(SEE1)
finite = −(SEIIB)finite . (95)
What remains to be shown is that the integral I2 vanishes and hence SEE1 given in (92) is the
complete expression for the finite part of the entanglement entropy. The integral I2 given in (86c)
can be rearranged as follows
I2 = −4
3
∫
Σ
d2w (G + |A+|2 − |A−|2)∂w∂w¯G (96)
= −4
3
∫
Σ
d2w
(−∂wG∂w¯G + ∂w∂w¯G(|A+|2 − |A−|2)) . (97)
Using the explicit expressions of A+ and A− we get:
I2 = −4
3
L∑
`,k,m,n=1
` 6=k,m6=n
Z [mn]Z [`k]
∫
Σ
d2w
1
w¯ − pm
(
ln
∣∣∣∣ w − p`pk − p`
∣∣∣∣2 ln ∣∣∣∣ w − pnpm − pn
∣∣∣∣2 1w − pk
+ ln
w − p`
|pk − p`| ln
w¯ − pk
|pk − p`|
1
w − pn
)
. (98)
For the three-pole solutions we have shown analytically that this term vanishes, and for the four
and five pole solutions discussed in sec. III E we have verified this numerically. For all these cases
we therefore find that the finite parts of the entanglement entropy and the on-shell action are
related as expected on general grounds [23]. Although we do not currently have an analytic proof,
this certainly suggests that the relation between free energy and entanglement entropy holds for
all the solutions reviewed in sec. II.
V. DISCUSSION
We have studied the free energy of the field theories described by the supergravity solutions
constructed in [15, 16]. Unlike for previously known AdS6 solutions in type IIA supergravity, the
computation of the free energy is straightforward albeit technically non-trivial for these solutions.
We conclude that the isolated singularities that are present are mild and do not obstruct holographic
computations. Moreover, the computation of the free energy via the entanglement entropy of a
spherical region reproduces the result of the direct computation, a relation which is expected to
hold on general grounds but corresponds to non-trivial integral identities in the explicit solutions
considered here. These results support the interpretation of the solutions as holographic duals to
the five-dimensional superconformal field theories engineered in type IIB string theory via 5-brane
webs, and give first quantitative indications on the nature of the dual field theories. We will close
with a more detailed discussion of the implications and some directions for future research.
An immediate question concerning the supergravity solutions and their interpretation concerns
the external 5-branes. In [15, 16] the singularities located at the poles were interpreted as the
remnants of the external (p, q) five branes in the brane web construction of the five dimensional
field theories, which flow to the dual SCFT in the conformal limit.
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Whether brane webs with parallel external branes lead to well-defined five-dimensional SCFTs
was initially questioned, with one potential obstacle being light states on the parallel branes that
may not decouple from the field theory on the intersection. It was later argued that these light
states do in fact decouple [9], and webs with parallel external branes indeed lead to well-defined
5d field theories after factoring out the decoupled states [30–34].
For our supergravity solutions this immediately poses the question of whether or not they
include contributions from parallel external branes, e.g. in the form of states localized around the
poles on ∂Σ. The computation of the free energy in sec. III and IV indicates that this may not be
the case: In both cases we could introduce a cut-off around the poles on Σ and effectively remove
them from the geometry. If states localized around the poles would contribute, we would expect
the free energy to change by a finite amount, i.e. we would expect to produce non-trivial boundary
terms. The scaling analysis for both cases shows that this is not the case, and we therefore do not
seem to see contributions from the external 5-branes.
Another open question about the solutions was whether and how the external 5-branes end
on 7-branes. We discussed in [16] that there was no indication for the presence of 7-branes and
that a natural expectation would be that the supergravity solutions describe brane webs with only
5-branes. But with only access to the intersection, the possibility that external 7-branes would
just not be directly accessible from the supergravity solution remained a valid option. Another
natural option could then be that all 5-branes within a given stack of external 5-branes end on the
same 7-brane. This allows for a brane web realization of the USp(N) theory which was initially
engineered in type IIA string theory [9]. Our results for the free energy and entanglement entropy,
however, disfavor this option: The scaling of the free energy in the USp(N) theory is N5/2, which
is different from the scaling in the 4-pole type IIB supergravity solutions discussed in sec. III. In
particular, the solutions with Z1+ = −Z3+ = (1 + i)N and Z2+ = −Z4+ = (−1 + i)N , if all external
branes within a given stack would end on the same 7-brane, would realize the USp(N) theory. But
the scaling we find is N4 instead of N5/2. This suggests that the dual SCFTs may rather be of the
long quiver type, as discussed in [16].
Finally, our results for the free energy in specific examples provide a clear target for field-theory
computations. The overall factor of ζ(3) in all the examples discussed in sec. III E provides a hint
on the solution for the eigenvalue distribution of the matrix model resulting from supersymmetric
localization in the field theory. E.g., the matrix model action derived in [35] involves explicit factors
of ζ(3), along with polylogarithms, which gives an indication on where the eigenvalue distribution
has to have support for these terms to play a role. We also note that the terms of interest dropped
out of the calculations in [10], precisely due to the properties of the eigenvalue distribution for
these theories.
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Appendix A: Type IIB on-shell action as boundary term
To recall how the type IIB supergravity action can be written as a boundary term on-shell, we
start from the action in the form [36]
SIIB =
1
2κ2
∫
d10x
√−g
(
R− ∂µτ¯ ∂
µτ
2 (Imτ)2
− Mij
2
F i3 · F j3 −
1
4
|F˜5|2
)
− ij
8κ2
∫
C4 ∧ F i3 ∧ F j3 , (A1)
where the dot product is defined as Qp · Fp = 1p!gµ1ν1 ...gµpνpQµ1...µpFν1...νp and κ2 = 8piGN with
Newton’s constant GN. In the main part we will not use the short hand κ
2 to avoid confusion with
the composite quantity defined in (3). The field strengths are defined as
F i3 = dC
i
2 , F5 = dC4 , F˜5 = F5 −
1
2
C22 ∧ F 13 +
1
2
C12 ∧ F 23 , (A2)
with i = 1, 2 where i = 1 and i = 2 correspond to the NS-NS and R-R 2-forms, respectively. The
2× 2 matrix M is given by
Mij = 1
Imτ
[ |τ |2 −Reτ
−Reτ 1
]
. (A3)
As shown in [26], on-shell this action reduces to a boundary term. For C4 = 0, which applies for
all configurations considered here, this boundary term reduces to
SIIB =
1
2κ2
∫
d
(
−1
4
MijCi2 ∧ ?F j3
)
. (A4)
To translate this expression to our conventions for the supergravity fields, we combine the two
real 2-forms Ci2 into one complex 2-form, C2 = C
1
2 +iC
2
2 , with field strength F3 = dC2, and redefine
the fields as follows,
B =
1 + iτ
1− iτ , f
2 =
(
1− |B|2)−1 . (A5)
In terms of f , B and C2, and eliminating κ
2 in favor of GN, the boundary term (A4) becomes
SIIB = − 1
64piGN
∫
d
(
1
2
f2(1 + |B|2) (C¯2 ∧ ?dC2 + C2 ∧ ?dC¯2)
− f2B¯C2 ∧ ?dC2 − f2BC¯2 ∧ ?dC¯2
)
. (A6)
For the configurations we are interested in, there is no non-trivial dependence on the AdS6 co-
ordinates. We can therefore Wick rotate between Lorentzian and Euclidean signature purely
within the AdS6 part, which only enters through the volume form and at most accounts for a
sign in the on-shell action. That sign can be fixed directly in Euclidean signature, where we want
Z = ∫ Dg exp(−S) with S positive semi-definite, such that F = − lnZ is non-negative. For AdS
23
there are the usual subtleties with divergences and holographic renormalization, and we will discuss
this in more detail in app. B. We will demand the leading divergent term in the regularized free
energy to be positive, and this corresponds to
SEIIB =
1
64piGN
∫
d
(
1
2
f2(1 + |B|2) C¯2 ∧ ?dC2 − f2B¯C2 ∧ ?dC2 + c.c.
)
. (A7)
Appendix B: Holographic renormalization
Holographic renormalization of the gravity theory on an asymptotically-AdS space becomes
considerably more involved if the geometry does not reduce to a simple product form in the near-
boundary limit. In general, the entire ten-dimensional geometry has to be considered with a
nine-dimensional cut-off surface limiting the range of the radial coordinate in the asymptotic part
of the geometry. There is a substantial amount of freedom in choosing this cut-off surface, which by
the usual AdS/CFT lore corresponds to the freedom to choose a regularization scheme on the field
theory side. In many cases one can restrict the choice of the cut-off surface by symmetry require-
ments. E.g., for AdS5×S5, one would require the cut-off surface to respect the S5 isometries, which
essentially reduces the problem of finding counterterms to the AdS5 factor. For our geometries the
analogous symmetry argument restricts the location of the cut-off on the AdS6 radial coordinate
to be independent of the location on S2. The dependence on the location on Σ, however, is not
restricted by that requirement.
For definiteness, we will choose global coordinates on Euclidean AdS6 such that the metric takes
the form
gAdS6 = du
2 + sinhu2gS5 , (B1)
with u ∈ [0,∞). The cut-off surface should provide an upper bound on the range of u. The perhaps
most natural choice is to pick a small  ∈ R+ and require u < arcsinh(1/). The cut-off surface is
then the nine-dimensional surface defined by u = arcsinh(1/). This regulator is invariant under
the isometries of the S5 inside AdS6 and under the isometries of S
2, corresponding to spacetime
isometries and R-symmetry in the dual field theory, respectively. However, any cut-off surface of
the form u = arcsinh(1/(w)), with (w) small throughout Σ, satisfies these requirements as well,
and we are indeed free to choose any of them.
The value of the regularized on-shell action will certainly depend on the choice of regulator,
as it usually does. The freedom in choosing a cut-off surface is enhanced here compared to the
simpler cases with highly symmetric bulk geometries (where the freedom essentially boils down
to rescalings of the cut-off), but the fact that there is ambiguity is by no means a new feature
of the solutions considered here. More importantly, after proper holographic renormalization the
universal parts of any physical quantity considered still have to be independent of the choice of
regulator. We can therefore pick the simplest one, where  is constant over Σ, as long as we only
ask for physically meaningful (universal) quantities.
Moreover, since we have an even-dimensional AdS space with odd-dimensional field theory, there
are no finite counterterms from the metric sector: the volume form on AdS6 scales like 
−5, and
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all other covariant quantities constructed from the induced metric on the cut-off surface (including
the GHY term) have an expansion in even powers of . That means the covariant boundary terms
scale as odd powers of  and do not produce finite contributions. We have not explicitly verified
that this holds for the other fields as well, but since they are related by supersymmetry we expect
the corresponding covariant counterterms to scale with odd powers of  as well. There is therefore
no ambiguity in choosing a renormalization scheme, and we can read off the universal part directly,
e.g. as the finite part of the free energy, without going through the proper procedure of holographic
renormalization.
With the cut-off u < arcsinh(1/), the holographic renormalization indeed reduces to a pure
AdS6 problem, with the regularized volume of AdS6 given by
VolAdS6 = VolS5
∫ arcsinh 1

0
sinh5 udu = VolS5
(
1
55
− 1
63
+
3
8
− 8
15
+O ()
)
. (B2)
As argued above, the universal part can be extracted immediately and is given by
VolAdS6,ren = −
8
15
VolS5 . (B3)
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